Galam reshuffling introduced in opinion dynamics models is investigated under the nearest neighbor Ising model on a square lattice using Monte Carlo simulations. While the corresponding Galam analytical critical temperature TC ≈ 3.09 [J/kB] is recovered almost exactly, it is proved to be different from both values, not reshuffled (TC = 2/arcsinh(1) ≈ 2.27 [J/kB]) and mean-field (TC = 4 [J/kB ]). On this basis, gradual reshuffling is studied as function of 0 ≤ p ≤ 1 where p measures the probability of spin reshuffling after each Monte Carlo step. The variation of TC as function of p is obtained and exhibits a non-linear behavior. The simplest Solomon network realization is noted to reproduce Galam p = 1 result. Similarly to the critical temperature, critical exponents are found to differ from both, the classical Ising case and the mean field values.
Introduction
Sociophysics is based on the use of concepts and tools from physics to describe social and political behavior [1] . While the validity of such a transfer has been long questioned among physicists [2] , none ever has expected that some basic sociophysics question may in turn lead to new development within physics. In this paper we report, to our knowledge for the first time, on such a development. Indeed economics long ago has contributed substantially to statistical physics, but indirectly, providing several tools it developed on its own, which were then taken over by physics [3] .
Opinion dynamics has been a very active field of research among physicists in the recent years [4, 5, 6] . Most models are based on some local update rule and corresponding results are obtained using numerical simulations [4, 5, 6] . The Sznajd model initiated in 2000 [5] is the most popular and has generated a great deal of papers [6] . In parallel, a much older one proposed by Galam in 1986 [7] , has stayed confined to only few works [8] . But a recent universal scheme for local rules shows that both models have the same dynamics [9] prompting the question of why they have been perceived as different with an advantage for the first one.
Indeed, the reason lies in the fact that, although the Galam model is solvable analytically, its very formulation has been perceived as the signature of an intrinsic mean field nature. Since its dynamics is monitored by a total reshuffling of agents between repeated local updates, in principle everybody can interact to everybody. This fact has been understood as everybody does interact to everybody simultaneously, as in a mean field treatment [10] . However that is not the case due to the local range of interactions which are restricted to separate small groups of agents after each reshuffling. At least, for years, Galam was adamant in claiming it.
In this work we address this question by a thorough numerical Monte Carlo investigation of the effect of reshuffling spins on the phase diagram of the twodimensional nearest neighbor (NN) Ising model [11] . Reshuffling is introduced gradually according to the variable 0 ≤ p ≤ 1 where p is the probability of reshuffling all the spins of the lattice at each Monte Carlo step. We call it the Gradually Reshuffled Ising Model and denote it by GRIM. It is worth to stress that after each spin reshuffling, interactions stay local among NN.
The critical temperature T C is calculated for a series of values of p from p = 0 (square lattice Ising model -SLIM) up to p = 1 (totally reshuffled Ising model -TRIM). Binder's cumulant for T C evaluation is used to avoid finite size effect [12] . As expected, at p = 0 the SLIM exact value T C = 2/arcsinh(1) ≈ 2.27 [J/k B ] is recovered. The variation of the GRIM T C as function of p is found to exhibit a non-linear behavior. A similar study of gradual reshuffling was performed for Galam opinion model in the case of local groups of size four [13] .
The unifying Galam scheme [9] is then used to map the TRIM into a local rule model where update groups are of a size five. Its allows an analytical calculation of the critical temperature T C . In contrast to the simulations, it is found to depend on the choice of the dynamics. Metropolis and Glauber yield different values, respectively
Last one reproduces almost exactly the Monte Carlo result at p = 1, T C ≈ 3.03 [J/k B ]. The simplest realization [14] of the Solomon network (SN) [15] is noted to reproduce TRIM results. Similarly to the critical temperature, critical exponents are found to differ from both, the SLIM case and the mean field values. Concluding remarks with respect to future work end the paper.
The gradually reshuffled Ising model
We consider the nearest neighbor Ising model [11] on a square lattice with ferromagnetic interactions
where S i = ±1 is the Ising spin variable at each node i of the square lattice and
is short-range ferromagnetic exchange integral. Monte Carlo simulations are performed using either a Glauber or a Metropolis dynamics. In the Glauber dynamics, every time step all spins at the lattice are investigated in type-writer fashion, i.e. spin-by-spin: from left to right and then from top to bottom. For each spin i in an initial configuration µ i , a new configuration η i resulting from the single spin flip S i → −S i is accepted with a probability
where E ηi is the energy of configuration η i , E µi = −E ηi is the energy of configuration µ i and k B is the Boltzmann constant. When all N spins are investigated one Monte Carlo step (MCS) is completed. In Metropolis scheme, the acceptance probability of the new configuration may be expressed in a simple form
But here, at each MCS, all the spins are randomly visited and updated (a random list of spins labels assures that each spin is reached exactly once). The value of the critical temperature T C is extracted from the evaluation of the order parameter m = i S i /N as a function of T . In a second step, to get a more precise estimate of T C in the thermodynamic limit, we calculate Binder's fourth cumulant of the order parameter defined by
where · · · represent the thermal average (taken over 400000 MCS after discarding 100000 MCS for equilibration at each temperature). This cumulant should go to 2/3 below T C and to zero above T C when the size increases, and the finite-size estimates are expected to cross around T C [12] . Our Monte Carlo simulations have been performed on square lattices of size 50 ≤ L ≤ 500 assuming semi-periodic (helical) or periodic boundary conditions. For given temperature T , simulation starts with m = 1, i.e., with all spins S i = 1. In every MCS, before updating all spins, with a probability p the reshuffling procedure takes place: random permutation of all spin labels is produced and their positions are rearranged according to that new labels order. With probability 1 − p, all spins keep their current position.
The results
In Fig. 1 m(T ) for size L = 500 and different reshuffling probabilities p are shown. Also m(T ) for SN browsed from Ref. [14] for a million spins is included. The latter agrees very well with reshuffling case for p = 1 (TRIM). In SN a random permutation of spin labels is created and each spin interacts with its two NN and two additional neighbors of its mirror in reshuffled lattice. In contrast to current work the reshuffling procedure takes place only once: before the simulation starts and the spin neighborhood is fixed during simulation. The spin dynamics is governed via Eqs. (1), (2) and (3) but links are directed. It means, that if spin j is a neighbor of spin i does not yield i being neighbor of j.
Decreasing reshuffling probability p shifts m(T ) towards SLIM with T C = 2/arcsinh(1) ≈ 2.27 [J/k B ] [20] . The dependence T C (p) is found to be nonlinear as a function of the reshuffling parameter p. In the range p > 0.1 it may be approximated with the logarithmic law T C = 0.19 ln p + 3.01 (see Fig. 2 ).
Examples of the order parameter time evolution m(T ) at fixed temperature T = 2.5 [J/k B ] are shown in Fig. 3 for p = 0 (SLIM) and p = 1 (TRIM). The curves show that m(T ) vanishes for p = 0 as expected from its T C = 2.27 < 2.5 [J/k B ]. On the opposite for p = 1 we have T C = 3.03 > 2.5 [J/k B ] and m(T ) stabilizes at a non zero value as it should be in the associated ordered phase.
In Fig. 4 Binder's cumulant U dependence on the temperature T for different system sizes L and reshuffling probability p is presented. The common crossingpoint of these curves predicts Curie temperature T C .
In Fig. 5 critical exponents β -which describe magnetization behavior in the vicinity of T C -are presented. For p = 0 and p = 1 these exponents are respectively β SLIM = 0.11 and β TRIM = 0.31. The exact value at p = 0 is β th SLIM = 1/8 [20, 21] while the mean field value is β th MF = 1/2 [21] . From β TRIM = 0.31 = 1/2 = β th MF , we can conclude that TRIM, and thus Galam reshuffled models, are not mean field models, since otherwise the associated critical exponents would have been mean field exponents, as it must be for any mean field approximation. 
The Galam unifying scheme
We now go one step further in the investigation of the validity of Galam unifying scheme [9] . It is a general sequential frame, which operates via local updates of small groups of spins randomly selected. Given one group, a specific probabilistic majority rule is then applied for each peculiar configuration. It is a function of the local value of the order parameter, i.e., the ratio of majority to minority. Applying this scheme to the square NN Ising model investigated above and following the Monte Carlo procedure, which considers one spin and its four NN leads to use local groups of one size, with five spins. On this basis, we define g k as the probability that a group of five spins with k plus and (5 − k) minus ends up with five plus. Simultaneously the probability to get five minus is (1 − g k ).
With five spins, the number k of plus spins can vary from 5 down to 0 producing six different coefficients g k . But from up-down symmetry this number reduces to three with g 0 = 1 − g 5 , g 1 = 1 − g 4 and g 2 = 1 − g 3 . On this basis, if p(t) is the proportion of plus spins at time t, we obtain for the new proportion p(t + 1) after one update cycle
which is a binomial with (5) we enumerate all possible 2 5 = 32 configurations associated to a local group of size five and regroup them by their respective number of plus spins. The corresponding energies E µi are calculated as well as energies E ηi are obtained once the central spin has been flipped. As described in Sect. 2 the central spin flip is accepted with probability given by either Eq. (2) or (3) depending on chosen dynamics, Glauber or Metropolis. However, here this probability is weighted by the plus spin proportion [9] . We now illustrate the scheme in one case with four plus spins (S i = +1) and one minus (S i = −1). Being on a square lattice, either the minus spin is at the center or not. One configuration corresponds to the first case,
and for the second case, there exist four configurations of the type
where the minus spin can rotate on each one of the four NN sites. Using Glauber dynamics, in the first case with one configuration, the flip is validated with a probability a weighted by with a proportion one of plus spins. In contrast, the initial configuration is conserved with a probability (1 − a) weighted by 4/5, the proportion of plus spin. In the second case, the probability for a flip is given by b weighted with a proportion 3/5 of plus spins while for no flip we have respectively (1 − b) and 4/5, both values being multiplied by four. ¿From Eq. (2) we have
Combining above results yields for the coefficient g 5 in Eq. (5),
In a similar fashion, performing similar above evaluation for the other configurations we get the coefficients {g i } with
In parallel, using Metropolis dynamics from Eq. (3) the first configuration leads to a flip with probability one (min[1, exp(8J/k B T )] = 1), and the second one is performed with probability
The corresponding coefficients {g i } become
where d = exp(−8J/k B T ) is a probability of the configuration change
given by Metropolis dynamics. At this stage, we can calculate the unstable fixed points from Eq. (5) to get the corresponding critical temperature, respectively T C = 3.09 [J/k B ] for Glauber, and T C = 1.59 [J/k B ] for Metropolis. The Glauber result is rather close to the numerical finding T C = 3.03 [J/k B ] but yet a bit different. At present we do not understand why. In contrast, the simulation results are invariant in the choice of the dynamics. It is worth to note that a value of T C a little bit larger than 3 [J/k B ] was obtained previously by Malarz from a Monte Carlo simulation of SN [14] .
Discussion
In this work, we have studied the effect of gradual spin reshuffling on the phase diagram of the lattice square Ising model. Performing a series of Monte Carlo simulations, we have proved that Galam reshuffling is neither a mean-field treatment nor the usual Ising model (SLIM). In particular it yields non mean field exponents. On this basis, new physical questions arise. First, does reshuffling create a new universality class for the Ising model? At which value of the reshuffling parameter p does the crossover occur? Besides, the theoretical interest, and the sociophysics consequences, to find a physical situation which could correspond to reshuffling would be also interesting.
